New jou I‘Ilal Of PhYSiCS Deutsche Physikalische Gesellschaft @ DPG 10P Institute of Physics

The open access journal at the forefront of physics

PAPER « OPEN ACCESS Related content
. . - A channel-based framework for steerin
Self-testing through EPR-steering oiocaiy and bovong

Matty J Hoban and Ana Belén Sainz

To cite this article: Ivan Supi and Matty J Hoban 2016 New J. Phys. 18 075006 - Self-testing multipartite entangled states
through projections onto two systems
| Supi, A Coladangelo, R Augusiak et al.

- Rigidity of quantum steering and one-
sided device-independent verifiable
View the article online for updates and enhancements. quantum computation
Alexandru Gheorghiu, Petros Wallden and
Elham Kashefi

Recent citations

- One-sided device-independent self-testing
of any pure two-gubit entangled state
Suchetana Goswami et al

- Quantum steering with positive operator

valued measures
H Chau Nguyen et al

- A formalism for steering with local

guantum measurements
A B Sainz et al

Bringing you innovative digital publishing with leading voices

to create your essential collection of books in STEM research.

This content was downloaded from IP address 81.132.238.239 on 27/09/2018 at 16:16


https://doi.org/10.1088/1367-2630/18/7/075006
http://iopscience.iop.org/article/10.1088/1367-2630/aabea8
http://iopscience.iop.org/article/10.1088/1367-2630/aabea8
http://iopscience.iop.org/article/10.1088/1367-2630/aad89b
http://iopscience.iop.org/article/10.1088/1367-2630/aad89b
http://iopscience.iop.org/article/10.1088/1367-2630/aa5cff
http://iopscience.iop.org/article/10.1088/1367-2630/aa5cff
http://iopscience.iop.org/article/10.1088/1367-2630/aa5cff
http://dx.doi.org/10.1103/PhysRevA.98.022311
http://dx.doi.org/10.1103/PhysRevA.98.022311
http://iopscience.iop.org/1751-8121/51/35/355302
http://iopscience.iop.org/1751-8121/51/35/355302
http://iopscience.iop.org/1367-2630/20/8/083040
http://iopscience.iop.org/1367-2630/20/8/083040
http://oas.iop.org/5c/iopscience.iop.org/660165092/Middle/IOPP/IOPs-Mid-NJP-pdf/IOPs-Mid-NJP-pdf.jpg/1?

10P Publishing

@ CrossMark

OPENACCESS

RECEIVED
1March 2016

REVISED
2June 2016

ACCEPTED FOR PUBLICATION
13 June 2016

PUBLISHED
6July2016

Original content from this
work may be used under
the terms of the Creative
Commons Attribution 3.0
licence.

Any further distribution of
this work must maintain
attribution to the
author(s) and the title of
the work, journal citation
and DOL

NewJ. Phys. 18 (2016) 075006 doi:10.1088/1367-2630/18,/7,/075006

H eutsche Physikalische Gesellscha Published in partnership
New journal Of PhYSlCS st M(I)DPG with: Deutsche Physikalische
IOP Institute of Physics | Gesellschaft and the Institute

The open access journal at the forefront of physics .
of Physics

PAPER
Self-testing through EPR-steering

Ivan Supi¢' and Matty ] Hoban™"

! ICFO-Institut de Ciencies Fotoniques, The Barcelona Institute of Science and Technology, E-08860 Castelldefels (Barcelona), Spain
> University of Oxford, Department of Computer Science, Wolfson Building, Parks Road, Oxford OX13QD, UK

* School of Informatics, University of Edinburgh, 10 Crichton Street, Edinburgh EH8 9AB, UK

* Author to whom any correspondence should be addressed.

E-mail: ivan.supic@icfo.es and matthew.hoban@cs.ox.ac.uk

Keywords: quantum verification, EPR-steering, self-testing, entanglement, device-independent quantum information

Abstract

The verification of quantum devices is an important aspect of quantum information, especially with
the emergence of more advanced experimental implementations of quantum computation and secure
communication. Within this, the theory of device-independent robust self-testing via Bell tests has
reached alevel of maturity now that many quantum states and measurements can be verified without
direct access to the quantum systems: interaction with the devices is solely classical. However, the
requirements for this robust level of verification are daunting and require high levels of experimental
accuracy. In this paper we discuss the possibility of self-testing where we only have direct access to one
part of the quantum device. This motivates the study of self-testing via EPR-steering, an intermediate
form of entanglement verification between full state tomography and Bell tests. Quantum non-locality
implies EPR-steering so results in the former can apply in the latter, but we ask what advantages may
be gleaned from the latter over the former given that one can do partial state tomography? We show
that in the case of self-testing a maximally entangled two-qubit state, or ebit, EPR-steering allows for
simpler analysis and better error tolerance than in the case of full device-independence. On the other
hand, this improvement is only a constant improvement and (up to constants) is the best one can hope
for. Finally, we indicate that the main advantage in self-testing based on EPR-steering could be in the
case of self-testing multi-partite quantum states and measurements. For example, it may be easier to
establish a tensor product structure for a particular party’s Hilbert space even if we do not have access
to their part of the global quantum system.

1. Introduction

The certification of quantum devices is an important strand in current research in quantum information.
Research in this direction is not only of relevance to quantum information but also the foundations of quantum
theory: What are the truly quantum phenomena? For example, if presented with devices as black boxes that are
claimed to contain systems associated with particular quantum states and measurements, we can certify these
claims by demonstrating quantum non-locality, i.e. by violating a particular Bell inequality [1].

The obvious aspect of quantum non-locality that is useful for quantum information is that it can certify
quantum entanglement. While this is relevant for the certification of the presence of quantum entanglement, if
we wish to certify a particular state and measurement we need more information. More specifically, given a
particular violation of a Bell inequality, can we infer the state and measurements? The amount of information
necessary to certify a particular state once entanglement is certified has been discussed in [2]. Let us consider the
specific example of the Clauser—Horne—Shimony-Holt (CHSH) inequality [3]. It can be shown that (up to local
operations that will be specified later) the only state that can maximally violate the CHSH inequality is the
maximally entangled two-qubit state [4]. Furthermore, if we are close to the maximal violation, then we are also
close to this maximally entangled state (for appropriate notions of closeness) [5]. Results in this direction are
referred to as robust self-testing (RST) such that a near-maximal violation of a Bell inequality robustly self-tests a
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state. We can also robustly self-test measurements performed on a state therefore equipping us with certification
techniques for both states and measurements.

To be more concrete, RST is possible if the correlations we observe in a Bell test are e-close to some ideal
correlations—such as those maximally violating a Bell inequality—then we can infer that the state used in the
Bell testis O (</€)-close to our ideal state. The notion of closeness will be expounded upon later but for
correlations we often talk about the difference between the maximal Bell inequality violation and the violation
obtained in the experiment, and for quantum states, we refer to the trace distance. This quadratic difference in
the distance measures cannot be improved upon if we only have access to the correlations [6].

In this direction, a bounty of results have emerged. There are now analytical methods for robustly self-testing
Greenberger—Horne—Zeilinger (GHZ) states [7], graph states [8], partially entangled two-qubit states [9] and the
so-called W state [ 10]. In addition to this, numerical RST methods were developed that allow for using arbitrary
Bell inequalities [11]. Also, it is worth noting that by simply and directly considering the correlations produced
in the experiment, numerical methods developed in [11-13] can also be tailored to these considerations.

Itis now well-established that the violation of a Bell inequality is not the only method for detecting
entanglement in general. It is the appropriate method if one only has access to measurement statistics, i.e. the
devices are treated like black boxes. Clearly, if we have direct access to the quantum state (e.g. the devices are
trusted), we can do full state tomography to see if it is an entangled state. There does exist a third option, ifa
provider claims to produce a bipartite entangled state and sends one half of the state to a client who wants to use
the state. We can assume that the client trusts all of the apparatus in their laboratory and can thus do state
tomography on their share of the system. This set-up corresponds to the notion of EPR-steering in the study of
entanglement [14, 15], where EPR represents Einstein-Podolsky—Rosen in tribute to their 1935 original paper
[16]. A natural question is whether one can perform RST in such a scenario? This is obviously true since we can
use the violation of a Bell inequality between the client and provider. A better question is whether it is vastly more
advantageous to consider self-testing in this scenario? In this work, we address this question.

Before describing the work in this paper, we would like to motivate this scenario from the point-of-view of
quantum information. In particular, studying these EPR-steering scenarios may be useful when considering
blind quantum computing where a client has restricted quantum operations and wishes to securely delegate a
computation to a ‘server’ that has a full-power quantum computer [6, 17]. By securely, we mean that the server
does not learn the input to the computation nor the particular computation itself. In this framework, the client
trusts all of his quantum resources but distrusts the server. EPR-steering has also been utilised for one-sided
device-independent quantum key distribution where the ‘one-sided’ indicates that one of the parties does not trust
their device but the other does [18, 19]. There have even been experimental demonstrations of cryptographic
schemes in this direction [20]. Also in this one-sided device-independent approach, the detection loophole is
less detrimental to performing cryptographic tasks as compared with full device-independence so it is more
amenable to current optical experiments [21, 22].

Since one party (the client) now trusts all systems in their laboratory, they can perform quantum state
tomography; after all, they know the Hilbert space dimension of their quantum systems and can choose to make
measurements that characterise states of that particular dimension. This novel aspect of EPR-steering as
compared to standard non-locality introduces a novel object of study, called the assemblage: the reduced states
onaclient’s share of some larger states conditioned on measurements made on the provider’s side [23]. An
element of an assemblage is then a sub-normalised quantum state and we can now also phrase RST in terms of
these objects, which we call robust assemblage-based one-sided self-testing (AST) with ‘one-sided’ to indicate there
is one untrusted party. In essence, we show that AST occurs when the experimental state is at least O (</€)-close
to an ideal state if the observed elements of an assemblage are e-close to the ideal elements (where distance in
both cases is the trace distance). This is in addition to considering the correlations between the client and
provider obtained from performing a measurement on the elements of an assemblage, which we call robust
correlation-based one-sided self-testing (CST)—the notions of robustness are the same as for RST.

Conventional RST based on Bell inequality violation implies CST so in the latter scenario we will never do
any worse than in the former. Furthermore, CST implies AST so the latter truly captures the novel capabilities in
the formalism. In this work, for particular situations we show both analytically and numerically that one can do
better in the framework of CST and AST as compared to current methods in RST. This is to be expected since by
trusting one side, we should have access to more information about our initial state. On the other hand, we show
that the degree of the improvement is not as dramatic as we would like. In particular, if the assemblage is, in some
sense, e-close to the ideal assemblage, we can only establish O (</€)-closeness of our operations to the ideal case.
This quadratic difference is also shown to be a general limitation and not just a limitation of our specific
methods. In this way, from the point-of-view of self-testing, EPR-steering behaves much like quantum non-
locality.

We indicate where AST and CST could also prove advantageous over RST and this is in the case of
establishing the structure of sub-systems within multi-partite quantum states. That is, in certain RST proofs a lot
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Provider

Figure 1. In our framework we have a client who has direct access to his part of the quantum system generated by the source in the
provider’s laboratory. We can also ask the provider to perform a measurement labelled by x and generate an outcome labelled by a all
the while treating the provider’s measurement device and the source as a black box. The dotted lines denote classical channels, while
full lines represents a quantum channel.

of work and resources goes into establishing that untrusted devices have quantum systems that are essentially
independent from one another. In addition to considering the self-testing of a bipartite quantum state, we show
that one can get further improvements by establishing a tensor product structure between sub-systems. This
could be where the essential novelties of AST and CST lie.

Aside from work in the remit of self-testing there is other work in the direction of entanglement verification
between many parties. For example, Pappa et al show how to verify GHZ states among # parties if some of them
can be trusted while others not [24]. Their verification proofs boil down to establishing the probability with
which the quantum state passes a particular test given the state’s distance from the ideal case. This can be seen as
goingin the other direction compared to CST, where we ask how close a state is to ideal if we pass a test
(demonstrating some ideal correlations) with a particular probability. Our work thus nicely complements some
of the existing methods in this direction.

Another line of research that is related to our own is to characterise (non-local) quantum correlations given
assumptions made about the dimension of the Hilbert space for one of the parties [25]. This assumption of
limiting the dimension is a relaxation of the assumption that devices in one of the parties’ laboratories are
trusted. These works are relevant for semi-device-independent quantum cryptography and device-independent
dimension witnesses [26, 27]

In section 2 we outline the general framework, introduce CST and AST and introduce the methods which
will be relevant. Given our framework, in section 3 we demonstrate how to self-test the maximally entangled
two-qubit state and give analytical and numerical results demonstrating an improvement over conventional
RST. In section 4 we briefly discuss the self-testing of multi-partite states and give numerical results showing
how the GHZ state can be self-tested. We also discuss how one could exploit tensor product structure on the
trusted side to aid self-testing. We conclude with some general discussion in section 5.

2. General set-up

In this section we introduce the framework in which our results will be cast. For brevity we will restrict ourselves
to the case of two parties each with access to some devices. In section 4 we will extend the framework to more-
than-two parties. In our setting (see figure 1), one of the parties is the client and the other is the provider and the
two of them share both quantum and classical communication channels and all devices are assumed to be
quantum mechanical. Therefore we can associate the parties with the finite-dimensional Hilbert spaces H and
Hp for the client and provider respectively’. The quantum communication channel is used to send a quantum
system from the provider to the client and the client will then perform tomography on this part of the state. After
the provider has communicated a quantum system, there will be some joint quantum system and the client can
now ask the provider (using the classical communication channel) to perform measurements on their share of
the system; the outcome is then communicated to the client.

We assume finite dimensional Hilbert spaces for our purposes since we want to self-test systems of finite dimension. We can follow
Reichardt, Unger and Vazirani and allow for finite dimensional systems approximating those of infinite dimension since robustness allows
for this [6].
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In this work we assume that the provider gives the client arbitrarily many copies of the subsystem such that
they can do perfect tomography on their quantum system. We will not consider complications introduced by
only having access to finitely many systems. This is a standard assumption in many works on self-testing and we
will comment on relaxing this assumption in section 5.

After the provider sends a quantum system to the client they share a quantum state p.p, a density matrix
acting on the Hilbert space H¢ ® Hp. Crucially, in our work, the dimension of the Hilbert space H ¢ is known
but the space Hp can have an unrestricted dimension since we do not, in general, trust the provider. Therefore,
without loss of generality, the density matrix p, = |1)) (1 |is associated with a pure state [¢)) € Hc ® Hp since
we can always dilate the space Hp to find an appropriate purification.

After establishing the shared state | 1)), the client asks the provider to perform a measurement from a choice
of possible measurements. These measurements are labelled by a symbol x € {0, 1, 2,...,(d — 1) }ifthereare
d € N possible choices of measurement. For each measurement, there are k € N possible outcomes labelled by
thesymbol a € {0, 1, 2,...,(k — 1) }. The client then communicates a value of x to the provider and then
receives a value of a from the provider. Again, since the dimension of Hp is unrestricted, we assume that the
measurement made by the provider has outcomes that are associated with projectors E,|, such that 3~ E,, = I
and Ealea’|x = 6{1,11’ alx.

Conditioned on each measurement outcome a given the choice x, the client performs state tomography on
their part of the state | ) which can be described in terms of the operators o, = trp(Ic ® E, |%) (¢|) where
I[¢ is the identity operator acting on H ¢ and trp(+) is the partial trace over the provider’s system. An assemblage is
then the set { oz} 4« With elements satisfying Y=, o, = tip([90) (1|) = p, the reduced state of the client’s
system. One can extract the probability p (a|x) of the provider’s measurement outcome a for the choice x by
taking tr(o,x) = p(alx).

Instead of studying the assemblage directly, we may simplify matters by considering the correlations between
the client and provider where both parties make measurements and look at the conditional probabilities
p(a, blx, y)where y € {0, 1,...,(d — 1) }isthe client’s choice of measurementand b € {0, 1, 2,...,(k — 1)}
the outcome for that choice. If the measurement made by the client is described in terms of the generalised
measurement elements Fy, such that 3°, Fy|, = I then these correlations can be readily obtained from
elements of the assemblage as p(a, blx, y) = tr(Fyj,0u).

In self-testing, the provider claims that they are manufacturing a particular state |¢}) € H¢e ® H and
performing particular (projective) measurements {Eu|x} ax 0N H'p. We call this combination of state and
measurements the reference experiment to distinguish it from the physical experiment where |1)) and {E;|y} 4
are the state and measurements respectively. Since we do not have direct access to the Hilbert space of the
provider it is possible that they are manufacturing something different that has no observable effect on
experimental outcomes. For example, they could prepare the state [1/) = |})|0) and retain the system in state
|0) but never perform any operation on it. This will not affect the assemblage so we must allow for operations on
the provider’s system in Hp that leave assemblages unaffected. Following the discussion by McKague and Mosca,
some of these changes include [28]:

(1) Unitary change of basis in Hp.

(2) Adding ancillae |.A) to physical systems (in tensor product) upon which measurements do not act,

ie.|¢) — )| A).
(3) Altering the measurements { E, |} , » outside the support of the state |1)).

(4) Embedding the state |¢)) € Hc ® Hp and measurements {E,|,} , . into a Hilbert space H¢ ®@ Kp where KCp
has a different dimension to Hp.

Allowing for these possible transformations we need an appropriate notion of equivalence between the
physical experiment and the reference experiment. We say that the physical experiment associated with the state
|1b) and measurements { E,|} ., are equivalent to the reference experiment associated with the state 1)) and
measurements {Ea|x} o if there exists an isometry ® : Hp — Hp ® HJp such that

O(|9)) = A P),
®(Ic ® Eqpx 19) =1A) ¢ @ Ea) ), &)

forall a, xand | A) € Hp.

A consequence of this notion of equivalence is that if a physical experiment is equivalent to the reference
experiment then the former can be constructed from the latter by the operations described above. In the other
direction, if the provider does indeed construct the reference experiment and then performs one of the
transformations listed above then an isometry can always be constructed to establish equivalence between the
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physical and reference experiments. An important issue in self-testing based on probabilities is that
experimental probabilities are invariant upon taking the complex conjugate of both the state and measurements.
Thus, the best one can hope for in this kind of self-testing is to certify the presence of a probabilistic mixture of
the reference experiment and its complex conjugate. Due to this deficiency and the fact that complex
conjugation is not a physical operation, only purely real reference experiments can be properly self-tested. In the
introduction we gave an overview of the known results in self-testing and indeed all the states and measurements
which allow for self-testing have a purely real representation [5—-11, 32]. In [28] the authors deal more rigorously
with the problem and even show that for some cryptographic purposes self-testing of the reference experiment
involving complex measurements does not undermine security. We note in appendix A that for our work we
may not need to restrict to purely real reference experiments: an assemblage is not typically invariant under
taking the complex conjugate of both the state and measurements. For simplicity we will study experiments with
states and measurements that have real coefficients but note that an advantage of basing self-testing on EPR-
steering eliminates the restriction to only real coefficients.

However, for an arbitrary physical experiment there may exist operations not included in the list above that
leave the assemblage and reduced state unchanged. The essence of self-testing based on an assemblage and
reduced state is to establish that the only operations a provider can perform that leave it unchanged are those
described above.

2.1. Reduced states and the purification principle

Given our formalism, the self-testing of quantum states is rendered extremely easy due to the purification
principle: every density matrix p, on some system A can result as the marginal state of some bipartite pure state
[1))45 on the joint system AB such that p, = tr(|¢)ap (¢|45), and this pure state is uniquely defined up to an
isometry on system B. Therefore, in our formalism, we can observe that given a reduced state p. = tp (|9) (¢|)
we can describe the state |)) upto an isometry on provider’s system. In particular, due to the Schmidt
decomposition of the reduced state p- = =, A; |} (g;| (suchthat 3°; A; = land \; > 0foralli) wehavea
purification of the form:

1) = 32N T ),

where {|1;) }; ({v;) } ;) is some set of orthogonal states in H¢ (Hp). Thelocalisometry @ : Hp — Hp ® Hp
then maps the set ({ |1;) } ;) to another set of orthogonal states ({ |2/}) } ;).

As a consequence of our formalism, we can establish that |¢)) and |1) are equivalent solely by checking to see
if the reduced state g~ = trp( |171> <171 |)is equal to the reduced state p- = trp(|9) (¢’]). Another obvious
consequence for entanglement verification between the client and provider is that they share some entanglement
ifand only if p. is mixed. This is purely a consequence of the assumption that they share a pure state. Indeed, it is
cryptographically well-motivated to say that the provider produces a pure state since this gives the provider
maximal information about the devices that are used in a protocol.

Even though self-testing of states is rendered easy by our assumptions, the self-testing of measurements does
not follow from only looking at the reduced state p.. In other words, knowing the global pure |1)) from the
reduced state p, does not immediately imply that the provider is making the required measurements on a useful
part of that pure state. It should be emphasised that in any one-sided device-independent quantum information
protocol, measurements will be made on a state in any task to extract classical information from the systems,
both trusted and untrusted. The self-testing of measurements made by an untrusted agent is, as explicitly stated
in equation (1), crucial. We give a simple example to illustrate this point. This is an example of a physical system
that a provider can prepare and a measurement they can perform.

Example 1. Establishing that the client and provider share a state that is equivalent to a reference

state is not immediately useful. Consider the situation where the provider prepares the state |¢)') =
%(|OC> [0p,)10p,) + |1c)|1p,)|0p,)) where the subscripts P; and P, label two qubits that the provider
retains and sends the qubit with the subscript C to the client. The two qubits labelled by P, and P,
can be jointly measured or individually measured. In this example the provider’s measurement solely
consists of measuring qubit P, and ignoring qubit P; such that measurement projectors are of the
form Ip ® (Eqx)p, Therefore, the reduced state of the client is p. = % which indicates that the client
and provider share a maximally entangled state. However, every element of the assemblage { oy} 4 is

Oulx = =, and thus unaffected by any measurement performed by the provider. Therefore we cannot say
| 2

anything about the provider’s measurements and, furthermore, the entanglement is not being utilised
by the provider and will thus not be useful for any quantum information task.
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This example just highlights that in our scenario it only makes sense to establish equivalence between a
physical experiment and reference experiment taking into account both the state and measurements. The example
motivates the need to study the assemblage generated in our scenario and not just the reduced state. Also, as will
be shown later, this allows us to construct explicit isometries demonstrating equivalence between a physical and
reference experiment instead of just knowing that such an isometry exists. In colloquial terms, being able to
explicitly construct an isometry allows one to be able to ‘locate’ their desired state within the physical state.

So far we have assumed perfect equivalence between the reference and physical experiment as described by
equations (1). In section 2.2 we extend our discussion to the case where equivalence can be established
approximately which is known as RST. Instead of using the reduced state of the client and assemblage, we may
wish to study self-testing given the correlations resulting from measurements on the assemblage and we discuss
this in section 2.3.

2.2.Robust AST

In this section we formally introduce robust AST and indicate its advantages and limitations. Before this we need
to recall some mathematical notation in order to discuss ‘robustness’. We need an appropriate distance measure
between operators acting on a Hilbert space. To facilitate this we will use the Schatten 1-norm [|A||, for

A € L(H)beingalinear operator acting on H. This norm is directly related to D (p, o), the trace distance
between quantum states since D (p, o) = %I lp — ol|ifor p, o € D(H).Equivalently, D (p, o) = %le Al
where ), is the ith eigenvalue of the operator (p — o). Another property of the trace distance is that when

p = |a){aland o = |b) (b|are purethen D (|a)(al, |b)(b]) = /1 — [{a |b)[* [29].

The motivation for introducing a distance measure is clear when we consider imperfect experiments. That is,
if our physical experiment deviates from the predictions of our reference experiment by a small amount can we
be sure that our physical experiment is (up to alocal isometry on Hp) close (in the trace distance) to our
reference experiment? Now we can utilise the trace distance to describe closeness between the physical state |))
and reference state |1)). To whit, if D (p, pc) = ¢ > 0where p. = tip(|)) (¥|) and allowing for isometries ®
on the provider’s side, then the minimal distance between physical and reference states will be the minimal value
of

D(1®) (D], [A) (Al ® 1) (D]) = 1 — [(A(D |®) P @)

for |®) = ®(|¢)). Clearly, D(|®) (@], |A)(A| @ [¥)(P]) = D (P> pc) = € since the trace distance does not
increase when tracing out the provider’s sub-system.

This lower bound on the distance in equation (2) does not tell us that there is an isometry achieving this
bound. We wish to be able to state that there exists an isometry for which the distance in equation (2) is small.
Furthermore it would be preferable to be able to construct this isometry. This is, in essence, RST. We now
formalise this intuition in the following definition:

Definition 1. Given a reference experiment consisting of the state |¢)) € H¢ ® H» with reduced state f- and
measurements {Ea|x} a,x Such that the assemblage {7,/ } 4« has elements 7, = trp (Ic ® Ea| < |U), Ya, x.Also
given a physical experiment with the state [1)) € H¢ ® Hp, reduced state p- and measurements { E,|,} 4 x such
that the assemblage { ;) } 4, has elements o), = tip(I¢c @ E,x [9)), ¥ a, x. If, for some real

€>0,D(Pe po) < €and |Gy — duulll < €, Va, x,then f (¢)-robust AST (f (¢)-AST) is possible if the
assemblage {0, } 4,x implies that there exists anisometry ® : Hp — Hp ® H ) such that

D(12) (@], | A) (Al ® [9) (D) < f (e,
|||(I)> Ea|x><q)a Eulxl - |A> <~’4| ® (HC ® E~u|x)|izj> <’IZ)|(]IC ® Ealx)”l gf(f)
for |(I)> = CI)(|1P>), |(P) Ea|x> = (I)(]IC ® Eu|x |77[}>), |A> S Hp andf :R — R. (3)

In this definition, in order to simplify matters, we have bounded both the distance between physical and
reference states both with and without measurements by the function f (¢). It will often be the case that the trace
distance between states (without measurements) will be smaller than the distance between measured states, but
we are considering the worst case analysis. In further study, it could be of interest to give a finer distinction
between these distance measures in the definition.

Note also that, in this definition, we only ask for the existence of an isometry. Later, in section 3, we will
construct an isometry for RST which will be more useful for various protocols. Also, for this definition to be
useful, a desirable function would be f (¢) < O (5%) where p is upper-bounded by a small positive integer. If
D (P> pc) = €,as mentioned earlier this establishes alower bound on the distance between physical and
reference experiments, and so the ideal case would be O (¢)-AST. We now give a simple example to show that, in
general, this ideal case is not obtainable.
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Example 2. The client has a three-dimensional Hilbert space H¢. The reference experiment consists of the
state |QZ}> = %(|0C0p> + |1c 1p)) with measurements {E0|0 = |0p)(0p], EllO = |1p){1p|, E0|1 =|4p)
(+pl, Ejp = |—p) (—p|}and |£p) = %(|0p> + |1p)) where H) is atwo-dimensional Hilbert space. The
assemblage for this reference experiment has the following elements:

- 1 N 1
Fojo =— 10¢) (Ocl, dijo = — |1e) (1Icls
2 2
- 1 5 1
oo = | +¢c ) (+cls o= |—c) (—cl.

The physical experiment consists of the state |¢)) = /1 — € [1)|0p)) + € |€)|1p) where|€) = [2-0p)and
the subscript P’ denotes a second qubit that the provider has in their possession. The measurements in the
physical experiment are E;;; = Ejj; ® |0p) (Opr| + |ip) (ip| ® |1pr) (1pr|fori € {0, 1}. The state |+)) has the
reduced state p. = (1-¢) (10c) (0c| + 1) (1c]) + € 12¢) (2¢| thus implying that D (p., p.) = €. The

2
assemblage for this physical experiment then has the elements:

d-o
2

10¢) (Ocl+e€ 12¢) (2¢l, o0 = ¢ ; €)

I1c) (1cl,
Sk, |—c) (—cl

2
From the above assemblages we observe that |5, — oyl < %6 = ¢/, Va, x. Here we have just defined a new

0olo =

(1—-2¢)

oo = | +c ) (+cl + €12¢) (2¢], o=

closeness parameter ¢’ for the convenience of our definitions. Given these physical and reference experiments,
we now wish to calculate alower bound on D (|®) (®], |.A) (A| ® |¢) (¢)|) for all possible isometries ® in the
definition above; this will give a lower-bound on the function f (¢’) for f (¢)-AST. To do this, we introduce the
notation |0) for the ancillae that the provider can introduce and Up as the unitary that they can perform jointly
on the ancillae and their share of the physical state |)). Thisthen gives us:

D(Up (19) (| @ 10) (0 Uj, |A) (Al @ |9) (b]) = V1 — F2,

where
F=|(AI($] U [¢)0)]
12_ “HAI{0c0pl e © Up)I0c0) + (L Tple © Up)l1c1))I0)1,

where [ is the identity on the client’s system. Thus maximising this quantity for all isometries, we obtain the

maximal value F* = 1 — ¢ = /1 — ZTH and the lower bound D (|®) (®|, | A) (A| ® [¥) (]) > ./27#.

This example excludes the possibility of having O (¢ )-AST given that the client’s Hilbert space is three-
dimensional. We will later return to this reference experiment in section 3.1 with the modification that the
client’s Hilbert space is two-dimensional.

2.3.Robust CST

As outlined earlier, EPR-steering can be studied from the point-of-view of the probabilities obtained from
measurements performed on elements of an assemblage, i.e. known measurements made by the trusted party.
This point-of-view is native to Bell non-locality and is suitable for making further parallels between non-locality
and EPR-steering. In this regard one can construct EPR-steering inequalities (the EPR-steering analogues of Bell
inequalities) which can be written as a linear combination of the measurement probabilities [30]. The two
figures-of-merit, assemblages and measurement correlations, lead to a certain duality in the theory of EPR
steering. The approach that one will use depends on the underlying scenario. In the case when correlations are
obtained by performing a tomographically complete set of measurements (on the trusted system) the two
approaches become completely equivalent. However, in some cases probabilities obtained by performing a
tomographically incomplete set of measurements, or even just the amount of violation of some steering
inequality can provide all necessary information. Another possibility is that a trusted party can perform only two
measurements and nothing more, i.e. has no resources to perform complete tomography. In this section we
consider the definition and utility of defining RST with respect to these probabilities for an appropriate notion of
robustness. This approach to self-testing is not immediately equivalent to the notion of AST defined previously
(even if tomographically complete measurements are made) for reasons that will be become clear.

Recall the probabilities p (a, blx, y) = tr(Fy|, dyx) for Fy),, being elements of general measurement
associated with the outcome b for measurement choice y such that 3°, Fy|, = I¢. Naturally, we can also obtain
the probabilities p (b|y) = tr(Fy|, p.). In addition to the ‘physical probabilities’ p (a, blx, y), we have the
‘reference probabilities’ { p (a, blx, y) } which refer to the probabilities resulting from making the same

7
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measurements {Fy, } 5, on areference assemblage {5, } as described above. Performing RST given these
probabilities will be the focus of this section.

A useful definition of the Schatten 1-norm s ||A]|, = sup g <) [tr(BA)| where || - ||is the operator norm.
Since Fy, is a positive operator with operator norm upper bounded by 1 and if D (g, ) < € and forall
elements oy, of an assemblage ||F,x — dujx|li < € we can conclude that

|f7(a, blx, }’) - P(ﬂ, blx, }/)l = |tr[Fh|y(Ua|x - a'alx)]l < ||5'a|x - Ualx”l <6,
[p(bly) — pbly)| =Itr[Fyyy (oc — PNl < 2D (pes o) < 2€

forall a, b, x, y. This then establishes that knowledge of the assemblage and establishing its closeness to the
assemblage associated with a reference experiment implies closeness in the probabilities obtained from both
experiments. Clearly, the converse is not necessarily true and closeness in probabilities does not always imply
closeness of reduced states and assemblages. Assemblages can be calculated from the statistics obtained from
performing tomographically complete measurements, and then the distance (in Schatten 1-norm) between this
assemblage and some ideal assemblage can be calculated. However, even for tomographically complete
measurements { Fy|, } 1,,, we only have that [tr[Fy), (041« — Gax) 1] < ||Gx — 0ujxlli thus having
[tr[Fp)y (Cajx — Ta)x) 1< € does notimply ||F,x — oy«lli < €. This goes to show that the AST approach is distinct
from solely looking at the difference between probabilities.

Inspired by the literature in standard self-testing (see, e.g. [5, 6]), it should still be possible to attain RST based
on probabilities for measurements on assemblages and with this in mind, we give the following definition:

Definition 2. Given a reference experiment consisting of the state |¢)) € Hc ® HJ with reduced state j and
measurements {Eu|x} a,x Such that the assemblage { ;| } 4,x has elements 3, = trp(I¢c ® Em |4)), ¥ a, x. Also
given a physical experiment with the state |¢)) € H¢ ® Hp, reduced state p- and measurements {E,|,} ,  such
that the assemblage {7, } 4, has elements o, = trp(Ic ® Egx [1))), Va, x. Additionally given aset {Fy,} 5,
of general measurements thatact on H¢ such that p(a, blx, y) = tr(F, 0,x) and

p(a, blx, y) = tr(Fp),8,.)V a, x.If, for some real € > 0,

|P(a, blx, y) — p(a, blx, y)|<e,
[p@ly) — pbly)I<e,
[p(alx) — plal)|<e,

Ya, x, b, y,then f (¢)-robust CST (f (¢)-CST) is possible if the probabilities imply that there exists an isometry
® : Hp — Hp ® H)psuchthat

D(12) (@], |A) 1) (AI{L]) < f (o),
|||(I>, Ea|x> <¢)’ Ealxl - |A>(HC X Ea|x)|1~p> <A|<@|(HC & Ealx)”l < f(f)
for |@> = ¢(|1/J>)> |(I): Ea|x> = (P(]IC ® Ea|x |1/1>), |A> € Hp and f R — R.

Instead of directly bounding the distance between reference and physical probabilities, we can indirectly bound
this distance by utilising an EPR-steering inequality. In the literature on standard self-testing, probability
distributions that near-maximally violate a Bell inequality robustly self-test the state and measurements that
produce the maximal violation [5, 6]. As a first requirement, there needs to be a unique probability distribution
that achieves this maximal violation, and we now have many examples of Bell inequalities where this happens.
The same applies to EPR-steering inequalities: there needs to be a unique assemblage that produces the maximal
violation of an EPR-steering inequality. Furthermore this unique assemblage needs to imply a unique reference
experiment (up to alocal isometry). For EPR-steering inequalities of the form alx Qa,x (T (Fap Oax) = 0 for real
numbers «, ,, any assemblage that violates this inequality is necessarily steerable. If all quantum assemblages
satisfy > alx Qax T (Eapp Oa)) 2 —f for some positive real number (3 then — (3 is the maximal violation of the
EPR-steering inequality. If we consider probabilities of the form p(a, blx, y) = tr(Fy, 0y)x) that satisfy

D a)x Qax tt(Fap0ax) < —(B — €) then they are at most e-far from the reference experiment that produces the
maximal violation of — 3. We will make use of this approach to CST in section 3.2.

We now briefly return to the issue of complex conjugation. As mentioned above and discussed in
appendix A, the AST approach is advantageous to the standard self-testing approach in that we can rule out the
state and measurements in the reference experiment both being the complex conjugate of our ideal reference
experiment. One issue with CST is that since we are reconsidering probabilities for a fixed set of measurements
made by the client, if the measurements are invariant under complex conjugation then the provider can prepare
a state and make measurements that are both the complex conjugate of the ideal case without altering the
statistics. This can be remedied by the client choosing measurements that have complex entries as long as it does
not drastically affect the ability to achieve f (¢)-CST.

8
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3. Self-testing of an ebit

In this section, we look at the self-testing of the maximally entangled two-qubit state (or, ebit). This is a totemic
state in the self-testing literature (e.g. [5, 6]) and that it is possible to do RST for this state is now well-established:
itis achieved by looking at probability distributions that near-maximally violate the CHSH inequality. That is,
since the maximal violation of the CHSH inequality is, say, 2+/2 then probability distributions that give a
violation of 24/2 — ¢ result from quantum states that are O (v/€)-close to the ebit (up to local isometries). In
current analytical approaches the constant in front of the /¢ term can be shown to be quite large. However,
there are numerical approaches that substantially improve upon this constant by several orders of
magnitude[11, 13].

We turn to AST and CST to see if we can improve the current approaches that appear for RST. In particular,
in section 3.1 we look at analytical methods for AST and show that, for the ebit, O (/€)-AST is possible where
the constant in front of the /¢ term is reasonable. In section 3.2 we turn to numerical methods for CST where
the study of probabilities instead of assemblages is currently more amenable. We show that O (</€)-CST is
possible and also that our numerical methods do better than existing numerical methods for RST. Thirdly, in
section 3.3 we then show that O (1/€)-AST is essentially the best that one can hope for by explicitly giving a
physical state and measurements where f (¢) in the definition of f (¢)-AST will be atleast /€. In other words,
O (€)-AST is impossible.

3.1. Analytical results utilising the SWAP isometry

We first set-out the reference experiment that we will be studying for the rest of this section. It

consists of the experiment described in section 2.2 but now with the client’s Hilbert space being
1

two-dimensional. Recall that the state is |¢)) = —2(|00> + |11)) and the measurements are {Eojo =

[0) (01, Eyjo = [1) (1], Eop = | + ) (+|, Ep = |-)(—|} and |£) = %(|O> + |1)) where we have dropped
the subscripts for reasons of clarity. The assemblage for this reference experiment has the following elements:

5 5 1
Oolo = 10) (0l O1j0 = 5 [1) (1],

Gop = | + ) (+1; ?71|1=% =) (.

We will henceforth call this reference experiment the EPR experiment. We can now state a result about AST for
this experiment.

Theorem 1. For the EPR experiment, f (¢)-robust AST is possiblefor f (¢) = 24/€ + e.

Before proving this theorem we will present two useful observations that will be used in the proof. The first
observation is alemma about the norm that we are using while the second is specific to the self-testing of the EPR
experiment. We require the notation || |[v) || = /(v |v).

Lemma 1. For any two vectors |u), |v) where|||u}|| < land]|||v)|| < Lif|lluy — [v)|| < n < 1, thenfor
another vector |t) such that|[[t)|| < B, [|(Ju) — [v)){t|Ih < Bnand|||t)({u| — (vDIh < Bn

Proof. This fact essentially follows from the definition of || - ||. Thatis, ||[u) — |v)||=

\/<u |u) + (v [v) — (u |v) — (v |u) and sincetherankof B = (|u) — |v))(¢|is 1 thenthe

[1B||, = /tr(BBY) = |||t>||\/(u |u) + (v |v) — (u |v) — (v |u) which concludes our proof (along with the
fact that ||B||, = ||BY||,). O

The next observation follows from the conditions outlined in the definition of f (¢)-AST and is as follows:

Lemma2'1f||0a|x - 5'a|x||1 <€ a”dD(Pca pc) < € then

”HC X Ealx |¢> - Ealx ® HP |¢>” g 2./e.
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Figure 2. Here the SWAP isometry applied to the provider’s system is depicted as a quantum circuit. The notation is explained in the
text.

Proof. The proof follows from a series of basic observations:

e @ Eus [9) — B @ Tp Iw>II:J<¢I Ic ® Egu 19) + (9] Eapx @ Tp [90) — 2(0| Eajx @ Eapx )
<Y1+ 26 = 28| Eape ® Eape |¥)

<\/1+26—2(l—6)
2

=2./€.

The first inequality results from the fact that ()| Ic ® Eg)y |¢) = tip(0u)x) and (] Egpx @ Ip [0) = trp(Eqpx o)
and that |tr(o,x — T4x)| < € and |tr(E~a|x Pc — ~a|x Pc)|l < €.Thesecond inequality follows from the
observation that|tr(Ea|xaa|x — ~a|xc“ru|x)| < e. O

We are now in a position to prove theorem 1.

Proof. Recall that we are promised that

D(pc, pc) <e¢,
||Uu|x - 5'a|x||1 <e,

forall a, x where p. = trp(|)) (¥0]). The aim is now to find an explicit isometry ® that gives a non-trivial upper
bound for the following expression:

”l@’ Qa|x> <CI)) Qalxl - |~’4> <A| by (]IC ® QNalx)|{p> <1L|(]IC & Qalx)”b (4)

for Qux € {L, Eqpx}s Qa|x € {L, E,x}and |®, Q) as defined before. We first focus on the cases where
Qqjx = Ipand Qa|x = I = I and use this to argue the more general result.

The isometry that we use is the so-called SWAP isometry that has been used multiple times in the self-testing
literature. In this isometry (see figure 2) an ancilla qubit is introduced in the state |+p/) € Hp where P’ denotes
the ancilla register on the provider’s side in addition to the provider’s Hilbert space Hp. After introducing the
ancilla a unitary operator is applied to both the provider’s part of the physical state and the ancilla, i.e.

[9)| +pr ) — (e @ VHU)|3))| +p ) where U = [0pr) (Opr| @ Tp + |1p7) (1pr| @ Zp, V =
|Op/> <0p/| & ]Ip + |1p/> <lp/| ® Xand H = |+p/> <0p/| + |—p/> <1p/|andZ = 2E0|0 — ]Ip, X = 2E0|1 — ]Ipand
X? = Z? = Tp. After applying this isometry to the physical state |1/) we obtain the state

[Y") = Eojo 1) [0pr) + XEyjo [20)[1pr).

The desired result of this isometry to establish an ebit in the Hilbert space He ® Hp = He @ Hpin
addition to the measurements E,, acting on the Hilbert space Hpr. Therefore we wish to give an upper bound to

[|(Eojo %) 10pr) + XEijo 19) 1)) ({30 | Eojo (Opr|+ (20| ExjoX (1pr]) — |A) (Al @ [¥) (]]];- %)

At this point we can now apply a combination of lemmas 1 and 2 to bound this norm. Firstly, we observe that by
virtue of lemma 2 we have that

Ve,
Ve,

[|(Eopo 19)10p7) + XEyo 19)11p)) — (Eojo @ Ip [9)[0p) + XEipo |¥) 1)) < 2
I1(Eojo @ Ip |1)|0pr) 4+ XEij0 [9)[1pr)) — (Eojo @ Ip [90)|0p) + Erjo @ X |90} [1p)) ]| < 2

where, for the sake of brevity, we do not write identities I ¢, e.g. Eg|o |¢)|0p) = Ic ® Egjo %) |0p).
We can apply these observations in conjunction with lemma 1 (and noticing that ||Ego |4) |0p/) +
XEjjo [¥)|1p)|l = 1)toequation (5)to obtain

10
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| (Bojo 19)10p) + XExjo 19} 116)) ({90 Eopo {Opr[+ (%] EvjoX (Lr]) — [A) (Al @ 19) (11
< 2+€ + |I(Bojo © Tp [90)10p7) + XEnjo 19) [1p)) ({0 | Eojo (Op/|+ (| EvjoX (1pr]) — |A) (Al @ [9) (&[]l
<4VE + [[(Boo © Ip |9)|0pr) + Eijo @ X [40)1p1))
X (9] Eojo (0pr|+(| ErjoX (1pr]) — |A) (Al @ [9) (1]}
Since X = 2Ey; — Ipand, for the Pauli-X matrix 7, = 2 |+) (+| — I, we obtain the following result that
e ® X 1) — 7 ® Ip [4)11< 2lle ® Eop 1) — Eop @ I W)l — 114) — 1)1l
< 4-/€.
We then obtain

1(Eojo 19)10p) + XEyjo [9)11p1)) ({20 ] Eojo (Opr|+ (0| EvjoX (1pr) — |A) (Al @ [9) (D |1l
< 8vE + [|(Bojo @ Tp [49)10p) + Erjorie @ Ip [¥) [1p1))
X ({1 Eojo (Op|-+(¥ | ErjoX (1pr]) — |A) (Al @ [9) (D] ]h-
We will now apply the same reasoning to ({1| Egjo (Op/|+(%| E1joX (1p'|) but we need the fact that

IEojo @ Ip |9)10p1) + Eqjorie @ Ip |9) |1p) || = \/2<¢| Ego@Ip |1h) < V1426 <1+,

which follows from the condition on the reduced state p and EHOTX = Txﬁom. Using these observations and
lemma 2 we arrive at
| (Eojo [4)10p) + XEnjo 19) 1)) ((¢0] Eojo (Op/|+(¢0] EvjoX (1pr]) — |A) (Al @ |9) (¢ 11k
< 16+/€ + 8e-/€
+ 1(Eopo @ Ip 1) [0pr) + Erjo7e @ Ip [0} [1pr))
X (1] Eojo @ Ip(0p| + (9] 7Erjo @ Ip (1pr]) — |A) (Al @ [9) (&[]
=16~/€ + 8¢~/€ + [|({Oc [)[0c0p)
+ (0c 1) [1e 1)) ({1 0c) (0c0p| + (9] 0c) (Ll ]) — [ A) (Al @ [9) (11
=16/€ + 8e/e + 12(0c [¥)[¥) (¥ Oc) (¥] — |A) (Al @ [¥) (¥]]h
S 16/€ + 8e+/é + [12(0c [¥) (] 0c) — | A) (Alll
< 16/ + 8e~/E + 26,
where to obtain the last inequality we chose | A) to be the pure state that is proportional to |0¢) (Oc ), i.e.
|A) = 872 10¢) (0c 19) where 5 = (] 0c) (Oc 1¢) thustr(0c) (Oclpe) — tr(10c) (O0clpo)] < 16 — 31 < e.
We have shown that D (|®) (®], | A)(A| @ [¥) (P]) < 8V€ + 4eJ/é + . Nowwe consider the case of
self-testing where measurements are made. That is, establishing an upper bound on the expressions of the form

in equation (4) where Qg = Ipand Qa| x = land after applying the SWAP isometry described above, the
projector acting on the physical state E,, |1) gets mapped to

EojoEajx 19)10p) + XErjoEapx [0)[1p7).
In the case thatx = 0, utilising the fact that E,|Ey/|x = 84 Eq)y for equation (4) we obtain:

1
[1Eojo 1¥) (] Eojo @ |0pr) (Opr| — 5 [A) (Al ® [0c0pr) (0cOp/||ls for a =0,

1
[IXExo [4) (¥] ErjoX @ [1pr) (1pr| — > [A) (Al @ |1c1p) (1c1p| ||y fora = 1.

By using the same reasoning as above we obtain the bounds 4/¢ + ¢ and 12./¢€ + ¢ forthea = 0anda =1
cases respectively. For the case thatx = 1, more work is required in bounding equation (4). However, again by
repeatedly applying the observation in lemma 2, as shown in appendix B we obtain the bound of

1P, Qajx) (P, Qapxl — 14) (Al @ I @ Qup)19) (Y1 Ic ® Qa) Il < 24+/€ + ¢, ©6)

thus concluding the proof. O

Central to the proof of this theorem was lemma 2, but it is worth noting that the minimal requirements for
proving this lemma were bounds on the probabilities and not necessarily bounds on the elements of the
assemblage. We utilised the fact that bounds on the probabilities are obtained from the elements of the
assemblage, but if one only bounds the probabilities then our result still follows. We then obtain the following
corollary.

Corollary 1. For the EPR experiment, f (¢)-robust CST is possible for f (¢) = 24/€ + €.
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Furthermore, one can also obtain this result using an EPR-steering inequality as we outline in appendix C
with some minor alterations to the function f (¢). The fact that the function f (¢) in theorem 1 and corollary 1
are the same suggests at the sub-optimality of our analysis, since AST could utilise more information than CST.

Itis now worth commenting on the function f (¢) and contrasting it with results in the standard self-testing
literature. In particular, we want to contrast this result with other analytical approaches. This is quite difficult
since the measure of closeness to the ideal case is measured in terms of closeness to maximal violation of a Bell
inequality and not in terms of elements of an assemblage or individual probabilities. Here we give an indicative
comparison between the approach presented here and the current literature. Firstly, McKague, Yang and Scarani
developed a means of RST where if the observed violation of the CHSH inequality is e-close to the maximal
violation then the state is O (¢!/4)-close to the ebit [5]. This is a less favourable polynomial than our result
which demonstrates O (~/€)-closeness. On the other hand, the work of Reichardt, Unger and Vazirani [6] does
demonstrate O (1/€)-closeness in the state again if e-close to the maximal violation of the CHSH inequality.
However, the constant factor in front of the /¢ term has been calculated in [11] to be of the order 10° and our
result is several orders of magnitude better even considering the analysis in appendix C for a fairer comparison.
In various other works [9, 31, 32] more general families of self-testing protocols also demonstrate
O (V€)-closeness of the physical state to the ebit when the violation is e-far from Tsirelson’s bound. We must
emphasise that our analysis could definitely be tightened at several stages to lower the constants in f (¢) but
EPR-steering already yields an improvement over analytical methods in standard self-testing.

3.2. Numerical results utilising the SWAP isometry
As demonstrated by the general framework in [11, 13], numerical methods can be employed to obtain better
bounds for self-testing. For reasons that will become clear we will shift focus from AST to CST instead and, in
particular, CST based on violation of an EPR-steering inequality. Also, we will not be considering CST in full
generality and only seek to establish a bound on the trace distance between the physical and reference states (up
to isometries). This will facilitate a direct general comparison with previous works.

We begin by constructing the same SWAP isometry as used in the proof of theorem 1. As before, it is applied
to the physical state |1)) and again we wish to upper bound the norm in equation (5). Since this is the trace
distance between the pure states, Eq|o [¢)|0p) + XEyo |9)|1pr) and |.A) 1)), we have that [29]

%||(E0|0 [1)10p) + XEjo [) 11p1)) ({20 Eojo (Op'| + (2| ErjoX (1pr])

— |AY (Al @ D) (DIl < 1 — (FH?,

where F* = max F such that

F= \/<A|<7~ﬁ|(50|0 [} 10p7) + XEnjo 199) [1p))((20] Eojo (Op/| + (1] EyjoX (1pr])|.A) )
Al({0c| Eopo 19) + (lc| XExo 1)) ({¥] Eojo [0c) + (¥] ErjoX |1c))|A) -

1
Zfﬂ

Inspired by the work in [11, 13], instead of bounding the quantity F, we wish to bound another quantity G which

is the singlet fidelity. For |¢)) = Lz (10c0p) + |1¢1pr)), this quantity is defined as

G = (| trp[(Eojo 1) 10p1) + XEijo [9)11p)) ({0 Eojo (Opr| + (%] ErjoX (1 D119)
= %(<Oc| o0 10¢) + 2(0c|(o0j1,000 — Tojo,011,000) 1)

+ 2(1c|(Goj0,01 — 0j0,011,000)10¢) + (1cl(pc — d0j0)l1c))

such that ay1,010 = 40,01 = e (EopiEojo 14) (¢ 1) and apj0,011,000 = trp (EojoEoj1Eojo [¥) (¢]). The above two
quantities are related through (F*)? > 2G — lasshownin[11].

The goal is now to give alower bound to G given constraints on the assemblage. In fact, to facilitate
comparison with previous work, we will use the violation of the CHSH inequality to impose these constraints.
Every Bell inequality gives an EPR steering inequality when assuming the form of the measurements on the
trusted side. If on the client’s side we assume the measurements that give the maximal violation of the CHSH
inequality for the assemblage generated in the EPR experiment the CHSH expression, denoted by trS, can be
written as

12
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1
trS = tr—=((7; + 7x)(00j0 — 01j0) + (72 + 7)) (o1 — O1]1)

V2
+ (1 — ) (00j0 — 0110) — (72 — T)(Oo;1 — O1}1))
= tr(\27 (a0j0 — 0110) + V27 (G0p1 — 01))
= tr(v27, Qoo — pe) + V27 Qoop — pe)) = 242,
where the last bound is Tsirelson’s bound. The measurements that the client makes are measurements of the
observables in the set {1/+/2 (7, £ 7;) }. We then have the constraint that trS > 2+/2 — 7 for a near-maximal
violation.
We now want a numerical method of minimising the singlet fidelity G (so as to give a lower bound) such that
trS > 2+/2 — 7. This method is given by the following semi-definite program (SDP):
minimise tr(M'T) = G
subjectto: I" > 0,

tr(NIT) = trB > 2v2 — 7, ™
where
Pc 0|0 0p|1 010,01 w o0 0 Y
r_ 000 Oolo 00[1,0[0  00]0,0/1,0(0 M*l 0 .0 0
| oo 0010,0]1 oo Oojo0)1 | “ 20 00 o0 )
00]1,00  00]0,0[1,0[0  00[1,0{0  T0[0,0{1,0/0 YI' 0 0 —27,
—Tx T T
- 0 0O
N =242 0 . 0 0 ,
0 0 7. O
0 0 0O

such that W = (8 (1)), Y = g 8) and 0 is a 2-by-2 matrix of all zeroes. We constrain I in the optimisation to

be positive semi-definite and not that each sub-matrix of I" corresponding to something like an element of an
assemblage is a valid quantum object. It actually turns out that all assemblages that satisfy no-signalling can be
realised in quantum theory [33, 34]. Discussion of this point is beyond the scope of this paper as all we wish to do
is give a lower bound on the value of G therefore justimposing I' > 0 gives such abound.

Before giving an indication of the results of the above SDP, we still need to show that I" > 0. We do this by
showing that I is a Gramian matrix and all Gramian matrices are positive semi-definite. First observe that
entries of I"are of the form I, = (ic| o |j.)for o € {pc, 10> Go1> Toj1,0100 010,011 Toj0,0j1,000}- By cyclicity of
the partial trace we can also write 0 = trp (F |¢)) (1| G¥)for F, G € {Ip, Eq|0, Eoj1> Eo|1E0j0}- We now note that

(icl o ljcy=">_ (icl(yl F 1) (&1 G" |y)je)

ly)eHp
=[ > (icl(yl FI¢><yI]( Sl G e )
|y)eHp ly") €Hp

=> oy (7l Yoay 1y
y ¥
={(u|v),

where { |y) } is an orthonormal basis in Hp such that (y'|y) = 6; and o, = (ic|(y| F |¢)is some scalar. Since

the elements of I are all the inner product of vectors associated with a row and column, I = V'V where Vhas
column vectors associated with the vectors v. Therefore, I" is Gramian. This then makes the above optimisation
problem a completely valid problem for lower bounding G. We further note that matrix I" represents the EPR-
steering analogue of the moment matrix in the Navascués—Pironio—Acin (NPA) hierarchy [35] which is useful
for approximating the set of quantum correlations®.

In figure 3 we plot the lower bound on G achieved through this method and then compare it to the value
obtained through the method of Bancal et alin [11]. In both cases the violation of the CHSH inequality is lower-
bounded by 24/2 — 1), and we clearly see that the lower-bound is more favourable for our optimisation through
EPR-steering as compared to full device-independence. For the case of EPR-steering we observed that the plot
can be lower-bounded by the function 1 — 7)/+/2 whereas the plot for device-independence is lower-bounded
byl — 51/4. Respectively, these functions give an upper bound on D (|®) (®|, |A) (A| ® |¥) (]) of

In principle, we could mimic the NPA hierarchy by constructing matrices I" with elements corresponding to assemblage elements with
longer sequences of measurements on the provider’s side. However, due to the work in [25], having the client’s system be two-dimensional
already essentially puts us in the first level of the hierarchy without the need to go higher.
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Figure 3. A graph numerically comparing self-testing of the ebit in a device-independent manner to our method based on EPR-
steering. The error 7is the distance from the maximal violation of the CHSH inequality.

Z%ﬁ < L.19/n and v/10 / 2/m < 1.59 /7. The difference between these two approaches is not as dramatic as
the difference in the analytical approaches. However, these results just highlight that the analytical approaches
are quite sub-optimal for both EPR-steering and device-independent self-testing.

3.3. Optimality of the SWAP isometry

Both the analytical and numerical approaches have utilised the same SWAP isometry. While constructing this
isometry demonstrates in a clear and simple manner that self-testing is possible, it is natural to ask if there may
be more useful isometries that give a different error scaling for our particular scenario? In particular, can we do
better than the /€ in the function f (¢) for f (¢)-AST? As we have already shown in section 2, in general this is
not possible but the example demonstrating this is somewhat contrived. That is, we are trying to self-test a two-
qubit state but assume that the Hilbert space of the client is three-dimensional. We wish to ask if O (¢)-AST is
possible in the particular example of the EPR experiment? In this section we will show that this is not possible
and the best we can hope for is O (/€)-AST which we have already established is possible.

Asasidenote, in appendix D we show that the trace distance between the physical and reference states in the
EPR experiment can be O (¢) for some isometries. We emphasise that this trace distance between physical and
reference states (condition given in the first line of equation (3)) only amounts to part of the criteria for AST. The
other part of the criteria (the second line of equation (3)) rules out many isometries that might give the optimal
trace distance between physical and reference states only. With this in mind we want to bound the expression in
equation (4) for all possible isometries given e-closeness between the elements of the physical and reference
assemblages. In particular, we give an example of a physical experiment where e-closeness for the assemblages is
satisfied but for all isometries, the smallest value of equation (4) is O (V/€).

Example 3. The physical state is

[) = %(\/1 — € [0c0p) + € |1c1p))|0p) + %(ﬁ [0c0p) + V1 — € [1c1p))|1pr),

where P and P’ denote two qubits that the provider has in their possession, thus p. = %]IC. The physical
measurements are Egjg = Ip ® |0p) (Op|,Erjo = Ip @ |1p) (1pr], Eop = | 4+p ) (4ol @ | +p ) (+p/|+] —p )

(—p|®| —p )(—prland By = | +p ) (+p|®] —pr ) (—p'|+| —p ) (—p|®| +p' ) (45| These physical measure-
ments on the state produce the following assemblage elements:
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Figure 4. Here we depict the tripartite set-up with three parties where only one is the client, called the 1-trusted setting in the text.
There are two non-communicating providers and we assume without loss of generality that one of them generates a quantum state
and sends one part to the client and another to the other provider. The client may communicate with each provider individually and
ask them to perform measurements.

1—¢€ € 1—¢€ €
00|o=(T) |Oc><0c|+5 [1c) (1cl, a0 = (T) 11c) (1| + 5 [0c) (Ocl,

1 1
oo|1 :E | +c ><—|—c|, o151 = E |_C><_C|-

We see then that D (o, p) = 0and||oyx — Gyxl|l < € foralla, x.
We now show that |||®, Egjo) (®, Eojo| — [A) (Al ® Egjo [9) (¥] Egolli = /€ forall possible isometries
®. By considering all possible isometries we have

%U(\/l — € |0Cop> + «/? |1clp>)|0p/>|6> = ﬁ |6>,

for|e) = U1 — € |0c0p) + € |1c1p))|0p)|0) and Ubeing a unitary applied jointly to the provider’s
qubits and the ancillae | 0). This then allows us to observe that
11®, Eojo) (@, Eojol — I.4) (Al ® Eopo 19) (¢ Eopolls
=D(le)(el, |4) (Al @ 100) (00]) = 1 — | {e | A)[00) .

Wesee that | {¢ [A)|00) > = (1 — €)|{.A|(0] U |0p2|
Therefore |||¢’, E0|0> <¢), E0|0| — |.A> <./4| (9 E0|0 |¢>

~ 1
|®, Eojo) = UEg)o |1)10) =

6) [> which achieves the maximal value of (1 — ¢).
(¥] Eopoll = e forall possible isometries ®.

This example demonstrates that O (¢)-AST is impossible for the EPR experiment and our analytical results
are essentially optimal (up to constants).

4. Self-testing multi-partite states

So far all the work presented thus far has been presented within a bipartite format both in terms of the client-
provider scenario but also the reference state’s Hilbert space being the tensor product of two Hilbert spaces. Due
to their utility in various tasks, the self-testing of multi-partite quantum states is also desirable. Within the
device-independent self-testing literature there have already been many developments along this line of research
(see, e.g. [8, 10]). In this section we give a brief indication of how to generalise our set-up to the consideration of
such states. In section 4.1 we will discuss the self-testing of tri-partite states and give initial numerical results
demonstrating the richness of this scenario. We will briefly sketch in section 4.2 how EPR-steering could prove
useful in establishing a tensor product structure within the provider’s Hilbert space.

4.1. Self-testing the GHZ state

Already for three parties, how to modify the client-provider set-up opens up new and interesting possibilities.
For example, the simplest modification is to have the new, third party be a trusted part of the client’s laboratory;
the total Hilbert space of the client H is now the tensor product of the two Hilbert spaces associated with these
two parties. The next possible modification, as shown in figure 4, is to have a second untrusted party that after
receiving their share of the physical state does not communicate with the initial provider: they only
communicate with the client. This restriction establishes a tensor product structure between the two untrusted
parties which is useful.
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To illustrate the interesting differences between the bipartite and tri-partite cases, we look at the example of
self-testing the GHZ state |¢)) = 1//2 (|¥)|+3) + [¥/)|—5)) where |¥) = 1/4/2(]0,0,) — |1 1,))and
W) = 1/4/2 (|0,1,) + |1,0,)) with subscripts denoting the number of the qubit. In the scenario with two
trusted parties (that together form the client), a qubit is sent from the provider to each of these parties (say,
qubits 1 and 2 are sent); we will call this scenario the 2-trusted setting. In the other scenario with two non-
communicating untrusted providers, a qubit (say, qubit 1) is sent to the client; we will call this scenario the 1-
trusted setting. These different scenarios correspond to different types of multipartite EPR-steering introduced
in [36].

We now describe the reference experiments for both settings for the state |¢}). In the case of the 2-trusted
setting, as in the EPR experiment, the provider claims to make measurements Ejo = |j) (jl for j € {0, 1} as well

as Eojy = | + ) (+]and Ej|; = | — ) (—|. The assemblage for the two trusted parties has elements
~ 1 ~ 1
Oolo = Z(|‘I’> + W) (P] + (V]), 0110 = Z(|‘I’> — )= (¥]),
1 1
Oo|1 = 5 [W) (], o1 = ) [W7) (W]

For the 1-trusted setting, in addition to the provider claiming to making the above measurements, the
second untrusted party, or second provider claims also to make the same measurements, which we
denote by E, for ¢, z € {0, 1}. The assemblage will be {7, (|x} 4,c,x,. Where each element is &, ,, =
trp(Ic @ By, @ Egpx [1) (1) |). The assemblage for the one trusted party will have 16 elements but for the
sake of brevity we will not write out the elements.

We then wish to self-test this reference experiment when the elements of the physical assemblage are close to
the elements of the ideal, reference experiment. Instead of doing this, we will mimic the numerical approach in
section 3.2 by considering the GHZ-Mermin inequality [37] adapted to the 1-trusted and 2-trusted scenarios.
Utilising the notation of 7, and 7, for the Pauli-X and Pauli-Z matrices respectively, for the 2-trusted and
1-trusted settings, the inequalities respectively are:

trB; = 2tr((1; ® 7.) 2oo;1 — pc) + (7 @ 72) (20010 — p,)
+ (7 ® ) (20010 — Po) — (Tx @ Tx)2oop1 — pe)) < 2,
trBy = 2tr (7, (Goojo1 — Go1jo1 — Giojo1 + Oi1jo1) + Tx (Goojoo + Ti1jo0 — To1joo — Ti0j00))

+ 2tr(7; (go0110 + G110 — Go1110 — Ti0j10) — Tx (Gooj11 + Oi1j11 — o111 — o)) < 2.

The maximal quantum violation of these inequalities is 4. We now aim to carry out self-testing if the physical
experiment achieves a violation of 4 — 7). For the untrusted parties, we implement the SWAP isometry to each
of their systems as outlined in section 3.1. For the 2-trusted setting, the physical state | 1)) gets mapped to

[¢") = Eopo |¥)10p) + XEijo |9)|1p). In the 1-trusted setting, the physical state |1/) gets mapped to

[¥") = EojoFojo 1) [0p) [0pr) + XEijoFopo 19)|1p7)|0pr)
+ EojoX'Fijo 1) 10p7) [1pr) + XE1joX'Frjo |4) [1pr) [1pr),

where E, is the physical measurement made by the second untrusted party, X’ = 2F,;; — I'and P’ denotes the
ancilla qubit introduced for one party and P” for the other party.

Our figure of merit for closeness between the physical and reference states is the GHZ fidelity which for the
2-trusted and 1-trusted settings is G, and G respectively where

Gy = (P| trp(|¢) (V' DIY),
G = (P trp(|19") (V"D D),

where in both cases we trace out the provider’s (providers’) Hilbert space(s) Hp. Now we minimise G, while
trB, > 4 — nand minimise G, such that trB, > 4 — 7. These problems again can be lower-bounded by an
SDP and in figure 5 we give numerical values obtained with these minimisation problems. This case is
numerically more expensive than the simple self-testing of the EPR experiment and for tackling it we used the
SDP procedures described in [38]. We also compare our results to those obtained in the device-independent
setting where all three parties are not trusted but the violation of the GHZ-Mermin inequality is 4 — 7. We see
that the GHZ fidelity increases when we trust more parties. Interestingly, we can see that the curve for 1-trusted
scenario is obviously closer to the curve of 2-trusted scenario than to the device-independent one. This may hint
that multi-partite EPR-steering behaves quite differently to quantum non-locality. However, to draw this
conclusion from self-testing one would have to pursue more rigorous research, since we have only obtained
numerical lower bounds on the GHZ fidelity using only one specific isometry.
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Figure 5. A graph numerically comparing the minimum GHZ fidelity for a given violation of the GHZ-Mermin inequality for
different levels of trust in the devices. We observe that the line for the 1-trusted setting is closer to the 2-trusted setting than device-
independence. In future work we will aim to understand if there is fundamental reason for this.

4.2. Establishing a tensor product structure

The previous section hints at what might be the most useful aspect of self-testing through EPR-steering:
establishing a tensor product structure in the provider’s Hilbert space. In the work of Reichardt, Unger and
Vazirani, a method is presented for self-testing many copies of the ebit between two untrusted parties [6]. This
testing is achieved through measurements made in sequence. Recent work has established the same feat but now
with measurements being made at the same time, thus giving a more general result [39]. The difficulty in
establishing that the two untrusted parties have multiple copies of the ebit is to establish that (up to isometries)
the Hilbert spaces of the parties decompose as a tensor product of several two-dimensional Hilbert spaces: in
each sub-space there is one-half of an ebit.

We now remark that EPR-steering offers a useful simplification in achieving the same task of identifying a
tensor product structure. Note that in the trusted laboratory a tensor product structure is known: the client
knows they have, say, two qubits. If the assemblage for each qubit is close to the ideal case of being one half of an
ebit, then we may use lemma 2 to ‘transfer’ the physical operations on the untrusted side to one of the qubits on
the trusted side. We also note that this observation forms part of the basis of the work presented in [40], in the
context of verification of quantum computation.

To be more exact, we now have the client’s Hilbert space being constructed from a tensor product of N two-
dimensional Hilbert spaces, i.e. H¢c = QN ; Hc, where Hc, = C2. We now have a modified form of the EPR
experiment with the reference state being |¢)) = @N ,|1) € QN Hp, ® Hc, for each

[y = % (100) + |11)) € Hp, ® Hc,. Thatis, in the reference experiment, the provider’s Hilbert space has a

tensor product structure. For each Hilbert space H p, there is a projective measurement with projectors Ey s,
acting on that space where a;, x; € {0, 1} and these projectors are the qubit projectors in the EPR experiment.
Therefore, the total reference projector is of the form @7, E,,, which act on the Hilbert space @~ | Hp.. In
this case, the measurement choices and outcomes are bit-strings x := (x}, %, ...,xy) and a := (a3, ay,...,ay)
respectively. We call this reference experiment the N-pair EPR experiment and we are now in a position to
generalise lemma 2.

Lemma 3. For the N-pair EPR experiment, if forall i, ||oax — Gaxlh < € and D (pg, pp) < € where
~ ~ ~ ]I‘C
Oa|x = ®1I\il Oa;i|x; and Pc = ®11i1 o then

N
e ® Eajx ) — @Eax, ® Ip )]l < 2V€. ®)

i=1

The proof of this lemma is almost identical to the proof of lemma 2 and so we will leave it out from our
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discussion. A nice relaxation of the conditions of the above lemma is to insist that each observed element of an
assemblage 0, is e-close to 3|y, and still recover a similar result. This requires a little bit more work since we
have not been specific in how we model the provider’s measurements. For example, we have not stipulated
whether the probability distribution p (a|x) = tr(o,)x) satisfies the no-signalling principle. Furthermore, even if
these probabilities satisfy this principle, it does not immediately enforce a constraint on the behaviour of the
measurements. For the sake of brevity we will not address this issue in this work. It remains to point out that
lemma 3 can be used to develop a result for self-testing (see [40]).

5. Discussion

In our work we have explored the possibilities of self-testing quantum states and measurements based on
bipartite (and multi-partite) EPR-steering. We have shown that the framework allows for a broad range of tools
for performing self-testing. One can use state tomography on part of the state and use this information to get
more useful analytical methods. Or, indeed, one only needs to use the probabilities of outcomes for certain fixed
(and known) measurements. Furthermore, self-testing can be based solely on the near-maximal violation of an
EPR-steering inequality. We compared these approaches to the standard device-independent approach and
demonstrated that EPR-steering simplifies proofs and gives more useful bounds for robustness. We hope that
this could be used in future experiments where states produced are quite far from ideal but potentially useful for
quantum information tasks. However, we note that EPR-steering-based self-testing only really improves the
constants in the error terms (for robustness) and not the polynomial of the error, i.e. we can only demonstrate
O (V€)-AST for the EPR experiment. This highlights that from the point-of-view of self-testing, EPR-steering
resembles quantum non-locality and not entanglement verification in which all parties are trusted.

In future work, we wish to explore the self-testing of other quantum states. For example, we can show that
similar techniques as outlined in this work can be used to self-test partially entangled two-qubit states. We would
like to give a general framework in which many examples of states and measurements can be self-tested. This
would be something akin to the work of Yang et al [ 13] that utilises the NPA hierarchy of SDPs. Recent work by
Kogias et al [41] could prove useful in this aim. In addition to this, our work has hinted at the interesting
possibilities for studying self-testing based on EPR-steering in the multipartite case. In future work we will
investigate adapting our techniques to general multipartite states. For example, the general multipartite GHZ
state can be self-testing by adapting the family of Bell inequalities found in [42—44].

Also, it would be interesting to try to establish some new insights in the fundamental relations between non-
locality and EPR-steering using self-testing. It is possible that self-testing could be a useful tool for exploring
their similarities and differences, especially given interesting new developments for multi-partite EPR
steering [45].

One may question our use of the Schatten 1-norm as a measure of distance between elements of a reference
and physical assemblage. For example, the Schatten 2-norm is alower bound on the 1-norm so could be a more
useful measure of closeness. It may be worthwhile to explore this possibility but we note that the argument for
the impossibility of O (¢)-AST for the EPR experiment in section 3.3 still applies even if we replace all the
distance measures with the 2-norm.

Finally, it would be interesting to consider relaxing the assumption of systems being independent and
identically distributed (i.i.d.) and tomography being performed in the asymptotic limit. This would take into
account the provider having devices with memory as well as only being given a finite number of systems. In the
case of CST, we may use statistical methods to bound the probability that the provider can deviate from their
claims and trick us in accepting their claims. For the case of AST, tools from non-i.i.d. quantum information
theory might be required which makes the future study of AST interesting from the point-of-view of quantum
information.
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Appendix A. Complex conjugation and assemblages

In this section we give an example of an assemblage that is altered upon taking the complex conjugation of the
state and measurements on the provider’s side. The state is 1)) = % (]0c0p) + i |1c1p)) and we consider the

element of the assemblage generated by the projector |+p) (+p|. The element of the assemblage is then

tp(Ie @ |4p) (+pll¥) (¥]) = %l +30) ()l for [+y) = %( |0p) + i |1p)). We immediately see that upon
taking the complex conjugate of the state |1)*) and projector, the respective element of the assemblage becomes
trp(Ic @ |+p) (4p | |*) (*]) = %I ==l =) = %( |0p) — i |1p)). Therefore if the client measures
the element of the assemblage in the basis { | £) y.}, they can differentiate between the two cases of the physical
state being |) and its complex conjugate |)*).

Appendix B. Obtaining the bound in equation (6)

We now aim to put abound on
112, Qae) (P Quixl — 14) (Al @ Quie 19) (%] ® Quislhs (B1)
where
|®, Qajx) = EojoQayx 1¥)10pr) 4+ XEi10Qajx [9)|1p). (B2)

Then we aim to prove the bound in equation (6) by expanding out equation (B1) where Q,x € {Eq|1, Eij1} and

Quix € {1 +c ) (+cl | —¢ ) (—¢|}. Wefocus on the case where Q,, = Eqj1and Q,, = | +¢ ) (+¢|since the
other case is essentially yields essentially the same bound for equation (B1). We, therefore, wish to find an upper
bound for

[|(EojoEop1 1) 10p1) + XEijoEoj1 [9) [1p)) ({2 | Eoj1Eojo (Op|

1
+ (| EopErjoX (1p]) — 3 [A) (Al @ [4+c+p) (+ctpl -

Through repeated uses of lemma 2 we obtain
[|(EojoEop1 19)10p) 4+ XEyj0Eop1 |4) [1p1) ) ({0 Eoj1Eojo (Opr| + (2] EopiErjoX (1pr])
- % |A) (Al @ |+c+pr) (+cterl
< 24+/€ + |[(EopiEojo 19)10p7) 4 EopEvjorx 19) 1)) ({1 EojoEopi (0p'] + (&1 7ErjoEop (1p1)

1
3 [A) (Al @ [4c4p) (+ctpllh

=24./¢ + %I|(|+c> (0c 1) 10pr) + | 4+¢ ) (0cl ¥) [1p)) ({2 ] Oc) (+cl(0pr[+ (2] Oc) (+cl(1p])
— |A) (Al ® |4+c+p) (+c+ellh
< 2447 + %||2<0c 1) (] 0c) — 1A (Alll-

The first inequality is obtained in conjunction with the fact that || Egjo Eoj1 1) |0p1) + XEjjoEo1 [9) |1p) || =

(@1 Eopy [¥) < land||EoiEojo [9)10p) + EopiBiorx 19)11p) |1 = /(1] 0)(0] ¢) < 1.Inthe proof of
theorem 1 it was shown that ||2 (0¢ |¢) (¢/| 0c) — |.A) (A||l; < 2€ which then gives us the function f (¢) in
theorem 1.

Appendix C. RST based on an EPR-steering inequality

In this section we use an EPR-steering inequality to give us a result for CST. In particular, we prove a version of
lemma 2. Given this, all the steps in theorem 1 apply. The EPR-steering inequality we use is the following

Z tr(Byxoq)0) = tr(«/f(aow + o110) — 27 — D(oj0 — 0110) — 27 — D(oo;1 — o1j1)) = 0. (C1H)

alx
This can be written in the simplified form of
(W7, ® ZI1y) + (Ylme ® XIp) < V2, (C2)

where Z = 2Ey o — I, X = 2E,|; — I with 7, and 7, being the Pauli-X and Pauli-Z matrices respectively. It can
be readily verified that the EPR experiment violates this inequality and achieves a value of 2 for the left-hand side;
this is the maximal attainable value. Given near-maximal violation we wish to prove a version of lemma 2.
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Lemma4. If (|7, ® Z|Y) + (Y| @ X|¢) =2 — nforl = n = 0, then
e ® Eaix 19) — Eap @ Ip [O)Il < 7. (C3)

Proof. From the near-maximal violation of the EPR-steering inequality we have that (|7, ® Z|¢) > 1 — ¢
and (Y|7, ® X|Y) > 1 — n. Wewill address the case where a = x = 0 as all other cases follow the same proof
strategy. We first note that we can write (|7, @ Z|¢)) as (1/|(2Eoj0 — I)(2Eoj0 — D)|¢)) > 1 — 0. Utilising this,
we make a series of simple observations:

IlTc ® Eopo [¥) — Eopo ® Ip |¥) ]| = \/<1/J| Ic ® Eojo 1¥) + (¥ Eopo @ Ip [¥) — 2(9)| Egjo ® Egpo |9)

= \/é - %<¢|(2E~0|0 — I¢) ® (2Egp0 — Ip)[2h)
< M-

O

Note that we have phrased the lemma in terms of the variable 7 and not € as in the main text of the paper. We
can relate the two since if the conditions of f (¢)-CST are met then all probabilities differ from the ideal by ¢,
which then implies that, say, (1|7, ® Z|v)) = (¥|(2Eoo — I) ® (2Eojo — D)|¢)) > 1 — 8¢ sinceeach
probability incurs an error of e. Putting this value of = 8¢, we see that our analysis in the above lemma incurs a
less favourable constant than in lemma 2. However, given the above lemma we may use exactly the same strategy
in theorem 1 to obtain a possibility result on self-testing based on the above EPR-steering inequality now in
terms of 7).

Proposition 1. For the EPR experiment, f (n)-robust CST based on the EPR-steering inequality satisfying
(Yl © ZIY) + (Yl @ X|Y) > 2 — nwhere f () = 137

Proof. The proof essentially follows that of theorem 1 except now we use lemma 4 every time lemma 2 is used.
One difference is now that for X = 2Ey; — Ip and for the Pauli-X matrix 7,, = 2 |+) (+| — I wehave

e ® X [¥) — 7 I [9)I1< 2IlTc ® Exjo 19 — Byjo @ Tp 19)11 — Nll%) — )]
<247, (C4)

and likewise for Z and 7, the Pauli-Z matrix.
The other difference is in the final stage where we chose | A) to be the pure state that is proportional to

10¢c) (0c [),ie.|A) = B72(0c |v)where 8 = (1] 0¢) (O¢ |%). We must bound the error associated with
making this choice. We use the following observation that

(7 — 7= @ 0PIl < 27 (C3)
which in turn implies that
(=77 — = @ X)) < 27 (Co)
Observingthat | (u [)| < eif|||¥)]| < € soifwechoose|u) = X |1) we have that

|<1/)| Tz |¢> - <1P| Tz Tx X |1/)>|< 2ﬁ
Yl 7 1Y) + (Y] e @ XN [=1{P] 72 19) + (¥] =T @ X |9) | < 27,

where the equality in the second line results from invariance of the absolute value under complex conjugation.
Therefore we have

2|<2/]| Tz |7/}>| < |</(/}| Tz |¢> - <1/J| T ® X |7>Z)>| + |<1/)| Tz |/‘/}> + <¢| T, ® X |¢>| < 4ﬁ (C7)

which then implies that 2| (| 0¢) (Oc |¢) — %| < 2ymandthus||2(0¢ [¢) (¥] 0c) — [ A) (Alll < 27.
This then completes our proof. g

Appendix D. Demonstrating the optimal trace distance between reference and physical
states

For the EPR experiment, let us consider the trace distance D (|®) (®], |.A) (A| ® |¢) (¢]) for all possible
isometries ® and not just the SWAP isometry. An isometry will take the physical state |1) to U [¢)]0) by
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introducing ancillae |0) and applying a unitary U'to the physical state and ancillae. As discussed in section 2, the
trace distance is then D (U (|) (v| ® |0) (0] U™, | A) (A| @ |9) (|) = V1 — F* for
E = [(A|{z}] U [1))|0)|. We write /) in terms of its Schmidt decomposition

1) = VX u)lv) + VT =X Jut)vh)

for \as some real number such that 0 < A < land (u* |u) = (v* |v) = 0. Since |u) is a state of a qubit it may
be written as |u) = cos% [0) + el sin% |1). Given this, we obtain

F:%HAHOI(\/XCOS% [w) + V1 — /\e*i(’zsin% |wi>)

+ <A|<1|(ﬁei€2sin% [w) — 1 — )\cos% |wi>)|,

where [w) = U |v)|0)and |[w) = U |v1)]0). We now maximise F for all isometries so as to obtain a lower
bound on D (|®) (®[, |A)(A| ® |)(¢]). The value of Fwill be maximised when |w) and |w) is in the linear

spanof { | A)]0), | A)|1) }. Therefore, |[w) = COS% |A)]0) + el sin% |A)|1) and F* will be the maximum of

L (\/X cosﬂcosé + J1 = Ne 1040 sinﬂsin &)
V2 2 2 2 2

+ (\/Xei(‘%*e‘*) sin%sin% +J1I =) cos%cos %)l

which then implies that F* = (1/+/2 YW + V1 — X). Wenow wish to putbounds on A which can be easily
attained since p- = A |u) (u| + (1 — N)|ut) (u!|and p. = %]IC = %(|u><u| + |ut) (ut]). If we assume that
D(pc> pc) = € thenwehave that |[A — %| = ¢ and thus

1 1 1 1
F*:—\/—+€+\/__6:1__62_063’
ﬁ( 2 . X (e

where in the last equation we take the Taylor series expansion of F* and O (¢?) represents polynomials of degree
3 and higher. In conclusion, given e-closeness of the reduced states, there is an isometry ¢ such that

D(|®)(®], | A) (A] ® |¥)(¥]) < O(e). This then demonstrates that our SWAP isometry is not optimal for
demonstrating such closeness between physical and reference states. However, the optimal isometry will be
dependent on the basis { |u), |u') } and thus more complicated than the SWAP isometry.
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